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ABSTRACT
We investigate a new 8dimensional Riemannian geometry dened by a generi
losed and olosed 3form with stabiliser PSU(3), and whih arises as a rit-
ial point of Hithin's variational priniple. We give a Riemannian harater-
isation of this struture in terms of invariant spinorvalued 1forms, whih
are harmoni with respet to the twisted Dira operator  on ∆ ⊗ Λ1. We
establish various obstrutions to the existene of topologial redutions to
PSU(3). For ompat manifolds, we also give suient onditions for topo-
logial PSU(3)strutures that an be lifted to topologial SU(3)strutures.
We also onstrut the rst known ompat example of an integrable non
symmetri PSU(3)struture. In the same vein, we give a new Riemannian
haraterisation for topologial quaternioni Kähler strutures whih are de-
ned by an Sp(1) ·Sp(2)invariant selfdual 4form. Again, we show that this
form is losed if and only if the orresponding spinorvalued 1form is har-
moni for  and that these equivalent onditions produe onstraints on the
Rii tensor.
Keywords: speial Riemannian metris; PSU(3)struture; Sp(1) · Sp(2)
struture; Dira operator; RaritaShwinger elds
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1 Introdution
In the lassial setting of Hithin's variational priniple [9℄, two strutures
appear giving rise to a Riemannian metri. In both ases, a ritial point is
dened by a 3form ρ whih is harmoni with respet to the metri it indues,
i.e.
dρ = 0, d ⋆ρ ρ = 0. (1)
In dimension 7, ρ indues a topologial redution of the frame bundle to a
G2prinipal bre bundle, and (1) fores the holonomy of the metri to be
ontained in G2. In dimension 8, we get a new type of geometry assoiated
with the struture group PSU(3) = SU(3)/ kerAd ⊂ SO(8) whih, apart
from the initial study in [9℄, has been largely unexplored so far.
The most basi example of an 8manifold with a PSU(3)struture is SU(3)
with ρ(X, Y, Z) = −B([X, Y ], Z) built out of the Adinvariant Killing metri
B. Here, SU(3) is a Riemannian symmetri spae and ρ is parallel with re-
spet to the indued LeviCivita onnetion. The rst problem we takle is
to answer Hithin's question [9℄, [10℄ whether there exist any ompat, non
symmetri harmoni PSU(3)manifolds (that is where (1) holds). In this ase,
the tangent bundle must be assoiated with a prinipal PSU(3)bundle with
PSU(3) ating in its adjoint representation, and we derive neessary on-
ditions for suh a redution. Sine the inlusion PSU(3) ⊂ SO(8) lifts to
Spin(8), any PSU(3)bundle indues a anonial spin struture, so the un-
derlying manifold is spin. More importantly, half of the tangent bundle triv-
ialises, that is, there exist four pointwise linearly independent vetor elds.
It follows that any ompat homogeneous Riemannian manifold G/H with
G simple is dieomorphi to SU(3) (Proposition 16). The question of nding
suient onditions for PSU(3)bundles to exist on onneted, ompat spin
manifolds is, unlike the analogous question for G2, rather involved. To give
at least a partial answer, we restrit ourselves to PSU(3)bundles with van-
ishing triality lass (Theorem 23). This lass is the ohomologial obstrution
for lifting the struture group from PSU(3) to SU(3), whih an be thought
of as the analogue of lifting an orthonormal frame bundle to a spin struture.
Over 4dimensional manifolds, this issue has been addressed in [28℄ motivated
by the fat that the group SU(3) ating in its adjoint representation is the
gauge group of quantum hromodynamis [6℄. As a result, we are left with
rather severe restritions on the topology of the underlying manifold. In fat,
all our examples of harmoni PSU(3)strutures have trivial tangent bundle:
We build a ompat nonsymmetri example out of a speial 6dimensional
nilmanifold times a 2torus. We also nd a family of loal examples obtained
from a 4dimensional hyperkähler manifold times at Eulidean 4spae.
Motivated by the G2ase, we also approah PSU(3)manifolds from a Rie-
mannian point of view and ask: What is the extra datum reduing the or-
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thonormal frame bundle of a Riemannian 8manifold to a PSU(3)bundle?
For G2, this is a nonvanishing spinor eld, and the G2struture is harmoni if
and only if the orresponding spinor eld is parallel with respet to the Levi
Civita onnetion. In [9℄ Hithin remarks that, for a PSU(3)struture, there
exist two invariant spinorvalued 1forms σ± ∈ ∆±⊗Λ1. He then shows (albeit
with some minor mistakes, f. Remark 31) that under (1), these are harmoni
with respet to the twisted Dira operator ± : Γ(∆± ⊗ Λ1) → Γ(∆∓ ⊗ Λ1),
that is, ±(σ±) = 0. We prove the onverse  this is where triality omes in.
The vetor representation Λ1 and the two irreduible spin representations ∆+
and ∆− of Spin(8) are, though inequivalent as Spin(8)modules, isomorphi
as Eulidean vetor spaes. It is therefore suient to onsider the set of isome-
tries σ : ∆− → ∆+ suh that σ lies in an irreduible subspae of ∆+ ⊗ ∆−.
After working out the Spin(8)orbit struture on this set (Theorem 6), we
see that one orbit is isomorphi to Spin(8)/
(
PSU(3)× Z2
)
and orresponds
to orientationpreserving isometries σ± : Λ1 → ∆± in ker µ± ⊂ ∆± ⊗ Λ1,
the kernel of Cliord multipliation. Further, harmoniity with respet to 
enfores (1).
Surprisingly, another orbit of interest shows up: Spin(8)/Sp(1) · Sp(2), where
Sp(1) · Sp(2) stabilises an orientationreversing isometry σ+ : Λ1 → ∆+
in ker µ+. This yields a new Riemannian haraterisation of Sp(1) · Sp(2)
strutures whih so far in the literature have been dened in terms of an
invariant selfdual 4form Ω, following the higherdimensional analogy with
Sp(1)·Sp(k)strutures onM4k. A Riemannian manifoldM4k whose holonomy
is ontained in Sp(1) ·Sp(k) is alled quaternioni Kähler [17℄ and is neessar-
ily Einstein. It is known that for k ≥ 3, this is equivalent to dΩ = 0 [21℄, that
is, (1) holds for ρ = Ω. However, there are ounterexamples for k = 2 [19℄.
Here, (1) holds if and only if +(σ+) = 0. Although this does not imply that
the metri is Einstein, as we will show by using Salamon's ounterexample,
we nevertheless obtain nontrivial onstraints on the Rii tensor (Proposi-
tion 33).
Finally, we remark on the relationship with other distinguished Riemannian
metris. A third haraterisation of PSU(3)strutures is given in terms of a
symmetri 3tensor. This ts into a series of speial nearlyintegrable Rie-
mannian metris whih were investigated in [14℄. Although this integrability
ondition is in a way opposite to ours (f. Theorem 30 and Remark 32), it links
PSU(3)strutures to SO(3)strutures in dimension 5 [4℄, mathing the re-
lationship between G2manifolds in dimension 7 and hyperkähler manifolds in
dimension 4. This does not only indiate a way to onstrut further examples
of harmoni PSU(3)strutures, but also provides evidene for a still unex-
plored, intrinsi relationship between these speial Riemannian geometries in
low dimensions.
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2 Triality and supersymmetri maps
In the presene of a metri, we an identify vetors in R8 with 1forms in
Λ1 = Λ1R8∗ and we shall freely do so throughout this paper. The triality prin-
iple asserts that the vetor representation π0 : Spin(8) → SO(Λ1) and the
two hiral spin representations π± : Spin(8)→ SO(∆±) are isomorphi as Eu-
lidean vetor spaes even though they are inequivalent as irreduible Spin(8)
spaes. More preisely, the representations are related by π0 = π+ ◦ κ ◦ λ and
π− = π+ ◦ λ2, where κ and λ are two outer Spin(8)automorphisms of order
two and three. Morally, this means that we an exhange any two of the rep-
resentations Λ1, ∆+ and ∆− by an outer automorphism, while the remaining
third one is xed. A onvenient model for the underlying Eulidean vetor
spae is provided by the otonions . Here, Spin(8) ats as orientation preserv-
ing isometry group of the inner produt indued by the oriented orthonormal
basis
1, i, j, k, e, e · i, e · j, e · k. (2)
If Ru denotes right multipliation by u ∈ , the map
u ∈ 7→
 0 Ru
−Ru¯ 0
 ∈ End(⊕ ) (3)
extends to an isomorphism Cli() ∼= End(⊕ ) where ∆ = ⊕ is the (reduible)
spae of spinors for Spin(8). These two summands an be distinguished by an
orientation, sine a volume form ats on these by ±Id, whih gives rise to the
spin representations ∆+ and ∆−. The expliit matrix representation (3) we
will use throughout this paper is given in Appendix A. Moreover, the inner
produt on an be adopted as the Spin(8)invariant inner produt q on ∆±.
Denition 1 A supersymmetri map is an isometry between two of the three
spaes Λ1, ∆+ or ∆−, whih lies in an irreduible Spin(8)submodule of Λ1⊗
∆±, ∆± ⊗ Λ1 or ∆± ⊗∆∓.
Example 2 A unit spinor Ψ ∈ ∆+ indues a supersymmetri map X ∈ Λ1 7→
X ·Ψ ∈ ∆−. As an element in ∆−⊗Λ1 ∼= ∆+⊕ker µ−, where µ± : ∆±⊗Λ1 →
∆∓ denotes Cliord multipliation, it belongs to the irreduible subspae ∆+.
One easily heks that Spin(8) ats transitively on the set of supersymmetri
maps in ∆+, and that the orbit is isomorphi with Spin(8)/Spin(7). In passing
we remark that ker µ± ∼= Λ3∆∓.
The jargon has its origin in partile physis where a supersymmetry is sup-
posed to transform bosons (partiles whih are elements in a vetor represen-
tation of the spin group) into fermions (partiles whih are elements in a spin
representation of the spin group).
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The ase of supersymmetri maps whih are indued by a 3form over Λ1, ∆+
or ∆− is more interesting, and we set out to give a omplete lassiation. As
we are only onerned with the metri struture of these spaes, triality implies
that we are free to onsider the module ∆+ ⊗∆− rather than ∆± ⊗ Λ1, and
we subsequently do so for various reasons. As a Spin(8)module, ∆+⊗∆− ∼=
Λ1 ⊕ Λ3, and we dene
Ig = {ρ ∈ Λ3 ⊂ ∆+ ⊗∆− | ρ : ∆− → ∆+ is a supersymmetri map}.
This set is ated on by Spin(8) and we exhibit the orbit struture based on
the following
Theorem 3 If ρ ∈ Λ3 lies in Ig, then ρ is of unit length and there exists a
Lie braket [· , ·] on Λ1 suh that
ρ(x, y, z) = g([x, y], z). (4)
Consequently, the adjoint group of this Lie algebra ats as a group of isometries
on Λ1.
Conversely, if there exists a Lie algebra struture on Λ1 whose adjoint group
leaves g invariant, the 3form dened by (4) and divided by its norm belongs
to Ig.
PROOF. Beause of the skewsymmetry of ρ, the metri g is neessarily
invariant under the adjoint ation of the indued Lie algebra, for
g([x, y], z) = ρ(x, y, z) = −g([x, z], y).
Being an isometry induing a Lie braket through (4) and vie versa are both
quadrati onditions on the oeients of ρ whih we show to oinide. We
dene the linear map
Jac : Λ3 ⊗ Λ3 → Λ4
by skewsymmetrising the ontration to Λ2 ⊗ Λ2. This is most suitably ex-
pressed in index notation with respet to some orthonormal basis {ei}, namely
Jac(ρijkτlmn) = ρ
k
[ij τlm]k
=
1
6
(
ρ kij τlmk + ρ
k
il τmjk + ρ
k
im τjlk + ρ
k
jl τimk + ρ
k
jm τlik
+ρ klm τijk
)
.
In partiular,
Jac(ρijkρlmn) =
1
3
(
ρ kij ρklm + ρ
k
li ρkjm + ρ
k
jl ρkim
)
. (5)
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If we are given a 3form ρ and dene a skewsymmetri map [· , ·] : Λ2 → Λ1
by (4), then the Jaobi identity holds, i.e. we have dened a Lie braket, if
and only if Jac(ρ⊗ ρ) = 0.
Next we analyse the onditions for ρ to indue an isometry. For a pform ρ we
have q(ρ·Ψ1,Ψ2) = (−1)p(p+1)/2q(Ψ1, ρ·Ψ2), so ρ denes an isometry∆± → ∆∓
if and only if for any pair of spinors of equal hirality, q(ρ·ρ·Ψ1,Ψ2) = q(Ψ1,Ψ2)
holds. Considering the Spin(8)equivariant maps
Γ± : ρ⊗ τ ∈ Λ3 ⊗ Λ3 7→ ρ · τ ∈ Cli(Λ1) ∼= End(∆) pr±7→ ρ · τ |∆± ∈ ∆± ⊗∆±,
this ondition reads ρ ∈ Ig if and only if Γ±(ρ⊗ρ) = Id∆±. Using the algorithm
in [18℄ or a suitable omputer programme, we deompose both the domain and
the target spae into irreduible omponents,
Λ3 ⊗ Λ3∼= 1⊕ 2Λ2 ⊕ Λ4+ ⊕ Λ4− ⊕ [1, 4, 3, 3]⊕ [2, 4, 2, 3]⊕ [2, 4, 3, 2]⊕
[2, 4, 2, 2]⊕ 2[2, 3, 2, 2]⊕ [2, 2, 1, 1]
∆± ⊗∆±=Λ2∆± ⊕⊙2∆± ∼= Λ2 ⊕ 1⊕ Λ4±,
where we label irreduible representations by their highest weight (expressed
in the basis of fundamental roots). The modules Λ4+ = [1, 2, 2, 1] and Λ
4
− =
[1, 2, 1, 2] are the spaes of selfdual and antiselfdual 4forms respetively.
Note that Γ+(ρ ⊗ τ)tr = Γ−(τ ⊗ ρ) and so it sues to onsider the map
Γ+ only. Sine the map indued by ρ is symmetri, it follows that Γ±(ρ ⊗
ρ) ∈ ⊙2∆± = 1 ⊕ Λ4±. Moreover the image learly ontains Λ4±. As a result,
Γ±(ρ⊗ ρ)⊙2
0
∆±
= 0 is a neessary ondition for ρ to lie in Ig.
Next we identify this obstrution in Λ4+ with Jac(ρ⊗ ρ) by showing
Γ+(ρ⊗ ρ)⊕ Γ−(ρ⊗ ρ) = −3Jac(ρ⊗ ρ)Λ4
+
+ ‖ ρ ‖2 Id . (6)
We rst remark that Cliord multipliation indues a map
ρ⊗ τ ∈ Λ3 ⊗ Λ3 7→ ρ · τ ∈ Λ0 ⊕ Λ2 ⊕ Λ4 ⊕ Λ6
if we regard the produt ρ · τ as an element of Cli(Λ1, g) ∼= Λ∗ under the nat-
ural isomorphism. The various omponents of ρ ·τ under this identiation are
aounted for by the oiniding pairs (.p.) in the expression ρijkτlmneijklmn,
i < j < l, l < m < n. For instane, having three oiniding pairs implies i = l,
j = m and k = n, hene eijklmn = 1. Then ρ =
∑
i<j<k cijkeijk gets mapped to
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ρ · ρ= ∑
i<j<k
l<m<n
ρijkρlmnelmnijk
=
∑
i<j<k
l<m<n
, 3 .p.
ρijkρlmnelmnijk +
∑
i<j<k
l<m<n
, 1 .p.
ρijkρlmnelmnijk.
There is no ontribution by the sum of two .p. as ρ · ρ is symmetri. Now the
rst sum is just
‖ ρ ‖2 ·1 =∑
i<j<k
ρ2ijk1
whih leaves us with the ontribution of the sum with one pair of equal indies.
No matter whih indies of the two triples (i < j < k) and (l < m < n)
oinide, the skewsymmetry of the cijk and eijk allows us to rearrange and
rename the indies in suh a way that the seond sum equals
∑
a
∑
j<k,m<n
j,k,m,n dist.
ρajkρamneamnajk =−
∑
a
∑
j<k,m<n
j,k,m,n dist.
ρajkρamnemnjk
=−3Jac(ρ⊗ ρ).
This implies (6), hene the assertion of the theorem.
Consequently, the 3forms in Ig enode a Lie algebra struture whose adjoint
ation preserves the metri on Λ1. We also say that the Lie struture is adapted
to the metri g and write l if we think of Λ1 as a Lie algebra. We lassify the
resulting Lie algebras next.
Let us reall some basi notions (see for instane [15℄). A Lie algebra g is said
to be simple if it ontains no nontrivial ideals. A semisimple Lie algebra is
a diret sum of simple ones whih is to say that it does not possess any non
trivial abelian ideal. Equivalently, g(1) = [g, g] = g. On the other hand, if the
derived series dened indutively by g(k) = [g(k−1), g(k−1)] beomes trivial from
some integer k on, then g is solvable. Any abelian Lie algebra is solvable and
so is any subalgebra of a solvable one. Moreover, every Lie algebra ontains a
maximal solvable ideal, the soalled radial r(g) of g. In partiular, the entre
z(g) is ontained in r(g). If there is equality, then g is said to be redutive.
Redutive Lie algebras are a diret Lie algebra sum of their entre and a
semisimple Lie algebra.
Proposition 4 An adapted Lie algebra l is redutive.
7
PROOF. By the lemma below, r(g) is abelian whih implies g([R1, X ], R2) =
−g(X, [R1, R2]) = 0 for any X ∈ l and R1, R2 ∈ r(g). Therefore [X,R1] ∈
r(g) ∩ r(g)⊥ = {0}, hene r(g) = z(g).
Lemma 5 Let s be a solvable Lie algebra whih is adapted to some metri g.
Then s is abelian.
PROOF. We proeed by indution over n, the dimension of s. If n = 1, then
s is abelian and the assertion is trivial. Now assume that the assumption holds
for all 1 ≤ m < n. Let a be a nontrivial abelian ideal of s. This, of ourse, does
exist, for otherwise s would be semisimple. The adinvariane of g implies
g([A,X ], Y ) = 0 for all X, Y ∈ s and A ∈ a. For if X ∈ a, then [A,X ] = 0
and if X ∈ a⊥, then g([A,X ], Y ) = −g(X, [A, Y ]) = 0 sine [A, Y ] ∈ a. Hene
a ⊂ z(s). We an therefore split s = z ⊕ h into a diret sum of vetor spaes
with h an orthogonal omplement to z of dimension stritly less than n. Now
for all X ∈ s, Z ∈ z and H ∈ h we have g([X,H ], Z) = −g(H, [X,Z]) = 0,
so [X,H ] ∈ z⊥ = h, or equivalently, h is an ideal of s. As suh, it is adapted
and solvable sine s is adapted and solvable. Hene the indution hypothesis
applies and s is abelian.
As a result, we are left to determine the semisimple part of an adapted
Lie algebra l of dimension 8. Appealing to Cartan's lassiation of simple
Lie algebras, we obtain the following possibilities (zp denoting the entre of
dimension p):
(1) l1 = su(3)
(2) l2 = su(2)⊕ su(2)⊕ z2
(3) l3 = su(2)⊕ z5.
Hene there is a disjoint deomposition of Ig into the sets Ig1, Ig2 and Ig3
ated on by Spin(8) and pooling together the forms whih indue the Lie
algebra struture l1, l2 or l3.
Theorem 6 The sets Ig1, Ig2 and Ig3 an be desribed as follows:
(1) Ig1 = Spin(8)/
(
PSU(3)× Z2
)
(2) Ig2 = (0, 1)× Spin(8)/
(
SU(2) · SU(2)× U(1)
)
(3) Ig3 = Spin(8)/Sp(1) · Sp(2),
where SU(2)·SU(2) = SU(2)×SU(2)/Z2 and Sp(1)·Sp(2) = Sp(1)×Sp(2)/Z2
over the standard inlusions SO(3)×SO(3) →֒ SO(8) and SO(3)×SO(5) →֒
SO(8). Further, we have the Spin(8)invariant deomposition Ig = Ig+ ∪ Ig−
into 3forms whose indued isometry is orientationpreserving or reversing
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respetively. Then Ig− = Spin(8)/
(
PSU(3) × Z2
)
and Ig+ foliates over the
irle S1 with prinipal orbits Spin(8)/
(
SU(2) ·SU(2)×U(1)
)
over S1−{pt}
and a degenerate orbit Spin(8)/Sp(1) · Sp(2) at {pt}.
PROOF. We remark that the stabiliser of ρi ∈ Igi in SO(8) is SO(8) ∩
Aut(li). Consider rst a 3form ρ1 ∈ Ig1, that is, ρ1 indues an su(3)struture
on Λ1. Sine the xed Riemannian metri g is adinvariant it must oinide
with the (negative denite) Killing form B(X, Y ) = Tr(adX ◦ adY ) up to a
negative onstant c. It is well known (f. for instane [6℄) that there exists
an orthogonal basis e1, . . . , e8 suh that the totally antisymmetri struture
onstants cijk are given by
c123 = 1, c147 = −c156 = c246 = c257 = c345 = −c367 = 1
2
, c458 = c678 =
√
3
2
and B(ei, ei) = −3. Hene fi = ei/
√−3c is gorthonormal. The relation (4)
and the requirement to be of unit norm implies that
ρ1=
1√−3cf123 +
1
2
√−3cf1(f47 − f56) +
1
2
√−3cf2(f46 + f57)
+
1
2
√−3cf3(f45 − f67) +
1
2
√−cf8(f45 + f67)
=
1
2
f123 +
1
4
f1(f47 − f56) + 1
4
f2(f46 + f57) +
1
4
f3(f45 − f67)
+
√
3
4
f8(f45 + f67)
where as usual, the notation fijk will be shorthand for fi ∧ fj ∧ fk and ve-
tors are identied with their dual in presene of a metri. Any 3form of
Ig1 being representable in this way, it follows that SO(8) ats transitively on
Ig1. The stabiliser of ρ1 in SO(8) is the adjoint group SU(3)/Z3 = PSU(3).
As π1
(
PSU(3)
)
= Z3, this is overed by PSU(3) × Z2 in Spin(8), hene
Ig1 = Spin(8)/
(
PSU(3) × Z2
)
. Using the matrix representation of Cli(Λ1)
given in Appendix A with respet to some ordered basis Ψi± of ∆±, the isom-
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etry Aρ1 : ∆− → ∆+ indued by ρ1 is
Aρ1 =
1
4

√
3 0 0 3 −√3 0 0 1
2 −√3 −1 0 2 −√3 −1 0
0 3 −√3 0 0 −1 −√3 0
−1 0 2 √3 1 0 −2 −√3
−√3 0 0 1 √3 0 0 3
−2 −√3 −1 0 −2 −√3 −1 0
0 −1 −√3 0 0 3 −√3 0
1 0 2 −√3 −1 0 −2 √3

, (7)
hene det(Aρ1) = −1. Moreover, we have det π±(a) = 1 for any a ∈ Spin(8)
as the generators ei · ej square to −Id and are therefore of determinant 1.
The Spin(8)equivariane of the embedding Λ3 → ∆ ⊗∆ entails Api0(a)∗ρ1 =
π+(a) ◦ Aρ1 ◦ π−(a)−1, whene Ig1 ⊂ Ig−.
Next we turn to the Lie algebras l2 and l3 where the latter an be seen as a
degeneration of the former. So assume ρ2 to be an element of Ig2 induing an
su(2)⊕su(2)⊕z2struture. The restrition to g to any opy of su(2)must be as
above a negative multiple of the Killing form of su(2), so g = c1B1⊕c2B2⊕g|zp.
There exists a basis ei of su(2) suh that [ei, ej] = ǫijkek (where ǫijk is totally
antisymmetri) and B(ei, ei) = −2. Choosing suh a basis for eah opy of
su(2) and extending this to an orthonormal basis fi of Λ
1
by normalising, the
requirement on ρ2 to be of unit norm implies
ρ2=
1√−2c1 f123 +
1√−2c1f456
=
1√−2c1 f123 +
√
2c1 + 1
2c1
f456,
where c1 = − sin(πα)/2, α ∈ (0, 1) is the only SO(8)invariant of ρ2. It
follows that Ig2 foliates in SO(8)orbits over (0, 1). The automorphism group
is SU(2)/Z2 × SU(2)/Z2 × GL(2) = SO(3) × SO(3) × GL(2) and sine the
Lie algebra struture is adapted to g, the stabiliser of ρ2 in SO(8) is given by
SO(3) × SO(3) × SO(2). This is overed twie by SU(2) · SU(2) × U(1) ⊂
Spin(8) and we obtain Ig2 = (0, 1) × Spin(8)/
(
SU(2) · SU(2) × U(1)
)
. The
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indued isometry ∆− → ∆+ is
Aρ2 =

0 0
√
2c1+1
2c1
1√−2c1 0 0 0 0
0 0 − 1√−2c1
√
2c1+1
2c1
0 0 0 0√
2c1+1
2c1
1√−2c1 0 0 0 0 0 0
− 1√−2c1
√
2c1+1
2c1
0 0 0 0 0 0
0 0 0 0 0 0
√
2c1+1
2c1
1√−2c1
0 0 0 0 0 0 − 1√−2c1
√
2c1+1
2c1
0 0 0 0
√
2c1+1
2c1
1√−2c1 0 0
0 0 0 0 − 1√−2c1
√
2c1+1
2c1
0 0

and thus of positive determinant. We onlude as above that Ig2 ⊂ Ig+.
We obtain the last ase for c2 = 0, i.e. c1 = −1/2. Here the stabiliser in
SO(8) is isomorphi to SO(3) × SO(5) whose double over to Spin(8) is
Sp(1) ·Sp(2) (using the isomorphisms between SU(2) ∼= Sp(1) and Spin(5) ∼=
Sp(2)). Moreover, Ig3 ⊂ Ig+, whene the theorem.
By the triality priniple, we an exhange ∆+ or ∆− with Λ1 while leaving
∆− or ∆+ xed. Hene we get an analogous orbit deomposition for ∆± ⊗Λ1
where the stabiliser subgroups sit now in SO(∆∓) and lift via π∓ to Spin(8).
Note however that the haraterisation of Ig± does depend on the module
under onsideration as the outer triality morphisms reverse the orientation.
In any ase, the overing group in Spin(8) ats on all three representations
and we analyse now this ation in detail. Again it sues to disuss the ase
where the stabiliser of the isometry lifts via π0.
We start with the group PSU(3)× Z2 whih projets to PSU(3) in SO(Λ1),
SO(∆+) and SO(∆−). Hene PSU(3) ⊂ SO(Λ1) also gives rise to PSU(3)
invariant isometries in ∆± ⊗ Λ1. We immediately dedue that restrited to
PSU(3) in Spin(8), the representation spaes Λ1, ∆+ and ∆− are equiva-
lent. In partiular, Cliord multipliation µ± : Λ1 ⊗ ∆± → ∆∓ indues an
orthogonal produt
× : Λ1 ⊗∆+ ∼= Λ1 ⊗ Λ1 → ∆− ∼= Λ1, (8)
a fat previously notied in [9℄.
Next we analyse the ase of SU(2)·SU(2)×U(1). As before, we label irreduible
representations by their highest weight expressed in the basis of fundamental
roots. Reall that the irreduible representations of SU(2) are given by the
11
symmetri power σn = ⊙nC2 of the omplex vetor representation C2 and are
labeled by the halfinteger l = n/2. They are real for n even and quaternioni
for n odd. Consequently, the irreduible representations of SU(2)·SU(2)×U(1)
an be labeled by (l1, l2, m) = (l1)⊗ (l2)⊗ (m), where the third fator denotes
the irreduible S1representation Sm : θ(z) 7→ eimθ ·z whih is onedimensional
and omplex. We will use, as we already did in Theorem 4, the notation
from [18℄ and denote a real module V by [n1, . . . , nl] if its omplexiation
V ⊗ C = (n1, . . . , nl) is selfdual (that is, V ⊗ C is omplex irreduible).
Otherwise, we write Jn1, . . . , nlK, whih means that V ⊗C = W ⊕W with W
an irreduible omplex module nonequivalent to W . By assumption, we have
Λ1 = su(2)⊕ su(2)⊕ R2 = [1, 0, 0]⊕ [0, 1, 0]⊕ J0, 0, 2K.
Hene, SU(2) ·SU(2)×U(1) ats with weights 0, α1, α2 and 2m, with α1 and
α2 being the fundamental roots of SU(2) × SU(2). The Spin(8)weights on
∆± are (x1 ± . . . ± x4)/2 with an even (respetively odd) number of minus
signs, where the xj are the parameters of the standard Cartan subalgebra of
Spin(8). Substituting
x1 = α1, x2 = α2, x3 = 2m, x4 = 0
shows that as an SU(2) · SU(2)× U(1)spae,
∆+ = ∆− = J
1
2
,
1
2
, 1K = JC2 ⊗ C2 ⊗ S1K.
In partiular, the ation of SU(2) · SU(2)× U(1) on ∆± preserves a omplex
struture. Note however that this struture does not redue to SU(4) as the
torus omponent ats nontrivially on λ4,0∆±. Permuting with the triality
automorphisms yields a omplex struture on Λ1 and ∆± if the isometry is an
element of Λ3∆∓.
Finally we onsider the group Sp(1) · Sp(2), that is
Λ1 = su(2)⊕ z5 = [1, 0, 0]⊕ [0, 2,−1].
Here the rst omponent refers to the representation labeled by α, the fun-
damental root of sp(1) ⊗ C = su(2) ⊗ C, while the last two indies (m1, m2)
designate the irreduible Sp(2)representation with respet to the basis of
fundamental roots β1 and β2. The weights of the ation on Λ
1
are 0, α, β1 +
1
2
β2, β1 +
3
2
β2. Substituting as above, we obtain
∆+ = ∆− = [1/2, 1, 1] = [C2 ⊗H2],
where the quaternioni spae H2 serves as a model for the irreduible spin
representation of Sp(2) = Spin(5).
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In this paper we will fous on geometri strutures assoiated with the groups
PSU(3) and Sp(1) · Sp(2) stabilising a supersymmetri map σ± ∈ Λ3∆± ⊂
∆− ⊗ Λ1, thus ating irreduibly on Λ1. Before we ontinue, a thorough dis-
ussion of the linear algebra of these groups is in order.
We begin with the group PSU(3) = SU(3)/ kerAd whose (negative denite)
Killing form we denote by B. It is the identity omponent of the automor-
phism group of su(3) and therefore ompat and of dimension 8. In partiular,
the adjoint representation Ad : SU(3) → SO(8) desends to an embedding
PSU(3) →֒ SO(8) ⊂ GL(8), so that Λ1 = su(3). The group PSU(3) arises as
the stabiliser of the 3form
ρ(X, Y, Z) = −4
3
B([X, Y ], Z)
insideGL+(8), the linear transformations of positive determinant. Further, the
GL+(8)orbit of PSU(3)invariant forms is open, i.e. they are stable following
the language of [9℄, for dimGL+(8) − dimPSU(3) = dimΛ3. As we have
already used above, a PSU(3)invariant form ρ an be expressed in a PSU(3)
frame as
ρ =
1
2
e123+
1
4
e1(e47−e56)+1
4
e2(e46+e57)+
1
4
e3(e45−e67)+
√
3
4
e8(e45+e67). (9)
When dealing with PSU(3), we always assume to work with suh a frame
unless otherwise stated.
Next we will disuss some elements of the representation theory for PSU(3).
The Lie algebra of the stabiliser of ρ inside Λ2 is given by the vetors xxρ,
x ∈ Λ1. A maximal torus is spanned by x3 = e3xρ and x8 = e8xρ with roots
±α1 = ±i(x3 +
√
3x8)/4, ±α2 = ±i(x3 −
√
3x8)/4 and ±(α1 + α2) = ±ix3/2
and root vetors xα1 = e4 − ie5, xα2 = e6 + ie7 and xα1+α2 = e1 − ie2. For the
exterior algebra we nd the following deomposition, where Λpq represents a
qdimensional irreduible subspae of Λp.
Proposition 7
(1) Λ1 = su(3) = [1, 1] is irreduible.
(2) Λ2 = Λ28 ⊕ Λ220 = [1, 1]⊕ J1, 2K.
(3) Λ3 = Λ31 ⊕ Λ38 ⊕ Λ320 ⊕ Λ327 = 1⊕ [1, 1]⊕ J1, 2K⊕ [2, 2]
(4) Λ4 = 2Λ48 ⊕ 2Λ427 = 2[1, 1]⊕ 2[2, 2]
Note that the Hodge ⋆operator equivariantly identies Λp with Λ8−p. This
deomposition an be also understood from a ohomologial point of view
wellsuited for later purposes. The su(3)struture on Λ1 indues a PSU(3)
invariant operator ck : Λ
k → Λk+1 by extension of
c1ei =
∑
j<k
cijkej ∧ ek
13
built out of the struture onstants cijk of su(3). It is therefore just the exterior
dierential operator restrited to the leftinvariant dierential forms of SU(3)
with adjoint c∗ = d∗ = −⋆ d ⋆. The resulting ellipti omplex is isomorphi to
the de Rham ohomology H∗
(
SU(3),R
)
whih is trivial exept for the Betti
numbers b0 = b3 = 1 = b5 = b8. Hene, Im ck = ker ck+1 for k = 0, 1, 3, 5, 6
and Im ck = ker ck+1 ⊕ R for k = −1, 2, 4, 7. Shematially, we have
Λ01 Λ
3
1 Λ
5
1 Λ
8
1
Λ18
c→ Λ28 Λ38 c→ Λ48 Λ68 c→ Λ78
Λ48
c→ Λ58
Λ220
c→ Λ320 Λ520 c→ Λ620
Λ327
c→ Λ427
Λ427
c→ Λ527
(10)
with an arrow indiating the nontrivial maps. In partiular, we will use the
more natural splitting of Λ4 into Λ4o = ker c3 and Λ
4
i = Im c
∗
5 instead of the
SO(8)equivariant splitting into self and antiselfdual forms. From this, we
an also onstrut the projetion operators for Λ2⊗C, whih will be useful in
Setion 4.
Proposition 8 For any α ∈ Λ2 we have c2(α) = −α∗ρ. Moreover, Λ28 = ker c2
and the projetion operator on the omplement is π220(α) =
4
3
c∗3c2(α). For the
omplexiation, we nd Λ220 ⊗ C = Λ210+ ⊕ Λ210− = (1, 2)⊕ (2, 1), where
Λ210± = {α ∈ Λ2 ⊗ C | ⋆ (ρ ∧ α) = ±i
√
3α∗ρ}.
The projetion operators are π210±(α) =
2
3
c∗3c2(α)∓ 8
√
3
9
i ⋆ (c2(α) ∧ ρ).
The proof an be readily veried by applying Shur's Lemma with the sample
vetors xα2 ∧ xα1+α2 ∈ (1, 2) and xα1 ∧ xα1+α2 ∈ (2, 1).
The PSU(3)invariant supersymmetri maps σ± in ker µ± ∼= Λ3∆∓ are har-
aterised (up to a salar) by the equations
xxρ(σ±) =
1
2
κ(xxρ) · σ± − σ± ◦ xxρ = 0.
Their matries with respet to a PSU(3)frame and a xed orthonormal basis
of ∆± are given in Appendix B. Note that their determinant is 1 sine the
outer triality morphisms reverse the orientation.
We lose our disussion of PSU(3) with a remark on speial PSU(3)orbits
in the Grassmannians G˜3(Λ
1) and G˜5(Λ
1) of oriented 3 and 5dimensional
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planes in Λ1. These orbits onsist of alibrated planes, a notion due to Harvey
and Lawson [8℄ whih we briey reall. Let (V, g, τ) be an oriented (real)
vetor spae with a Eulidean metri g and a kform τ ∈ ΛkV ∗. We say that
τ denes a alibration if for every oriented k-plane ξ = f1∧ . . .∧ fk in V given
by some orthonormal system f1, . . . , fk, the inequality τ(f1, . . . , fk) ≤ 1 holds
and is met for at least one kplane. Suh a plane is said to be alibrated by τ .
A lassial example is provided by the imaginary otonions whose soalled
assoiative and oassoiative planes are alibrated by the G2invariant forms
ϕ and ⋆ϕ respetively.
Proposition 9 Let ρ be the PSU(3)invariant 3form (9) and τ = 2ρ. Then
τ(ξ) ≤ 1 with equality if and only if ξ = Ad(A)h for A ∈ SU(3), where h is a
suitably oriented su(2)subalgebra assoiated with a highest root. Furthermore,
⋆τ(ξ) ≤ 1 with equality if and only if ξ is perpendiular to a 3plane alibrated
by τ . In partiular, PSU(3) ats transitively on the set of alibrated 3 and
5planes.
PROOF. We adapt the proof from [22℄. Let e1, . . . , e8 be a PSU(3)frame
induing the Eulidean norm ‖ · ‖, and x the Cartan subalgebra t spanned
by e3 and e8. Let E1 = e5, F1 = −e4, E2 = −e6, F2 = e7 and E3 = e1, F3 = e2,
and put λ1 = (e
3 +
√
3e8)/4, λ2 = (e
3 − √3e8)/4 and λ3 = λ1 + λ2 = e3/2.
Then ‖ λi ‖= 1/2 and we immediately verify the relations
[T,Ei] = λi(T )Fi, [T, Fi] = −λi(T )Ei and [Ei, Fi] = λi (11)
for T ∈ t and i = 1, 2, 3. Next let ξ ∈ G˜3(Λ1). Sine t is a Cartan subalgebra,
Ad
(
SU(3)
)
X ∩ t 6= ∅ for any 0 6= X ∈ Λ1. Moreover, ρ is Adinvariant, so
we may assume that ξ ∩ t 6= ∅ up to the ation of an element in SU(3). Pik
T ∈ ξ ∩ t and extend it to a positively oriented basis {T,X, Y } of ξ. Then
X = T0 +
3∑
i=1
siEi +
3∑
i=3
tiFi,
where T0 ∈ t. Hene ‖ X ‖2=‖ T0 ‖2 +∑3i=1(s2i + t2i ) whih implies
‖ [T,X ] ‖2= ‖
3∑
i=1
siλi(T )Fi − tiλi(T )Ei ‖2
≤
3∑
i=1
(s2i + t
2
i ) ‖ λi ‖2‖ T ‖2
≤ 1
4
‖ T ‖2‖ X ‖2 . (12)
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The CauhyShwarz inequality yields
|τ(T,X, Y )| = 2|g([T,X ], Y )| ≤ 2 ‖ [T,X ] ‖‖ Y ‖≤‖ T ‖‖ X ‖‖ Y ‖, (13)
so that τ(f1, f2, f3) ≤ 1 for any plane ξ = f1 ∧ f2 ∧ f3. Furthermore, equality
holds for (13) if and only if Y is a multiple of [T,X ] and τ(T,X, Y ) > 0.
For (12), equality holds if and only if T ∈ Rλi and X ∈ 〈Ei, Fi〉 for an
i ∈ {1, 2, 3}. Consequently, if ξ = 〈T,X, Y 〉 is alibrated, then Y ∈ 〈Ei, Fi〉
and beause of (11), ξ is an su(2)algebra.
Sine (⋆τ)|ξ⊥ = ⋆(τ|ξ) any alibrated 5plane is the orthogonal omplement of
an su(2)algebra. Moreover, any two subalgebras of highest root are onjugate.
Remark 10 As for G2 or Spin(7)strutures, alibrations give rise to a nat-
ural type of submanifolds for PSU(3)strutures, namely those whose tangent
spae at any point is alibrated. More generally, Tasaki showed [22℄ that for
any ompat simple Lie group G with Killing form B and Lie algebra g, the
3form
τ(X, Y, Z) = − 1‖ δ ‖B([X, Y ], Z),
where ‖ δ ‖ is the norm with respet to B of a highest root δ of g, denes a
alibration on G. Furthermore, any alibrated submanifold is a translate of a
ompat simple 3dimensional subgroup assoiated with δ.
Next we turn to the group Sp(1) · Sp(2). Here the vetor representation of
GL(8) restrited to this group is Λ1 = [C2 ⊗H2]. Elevating this to the fourth
exterior power yields an invariant 4form Ω. To desribe Ω expliitly, think of
Λ1 as a quaternioni vetor spae ∼= H2. This is ated on by Sp(2) whih xes
the three Kähler 2forms ωi, ωj and ωk given by ωi(x, y) = g(x · i, y) et. Then
Ω = ωi ∧ ωi +ωj ∧ ωj + ωk ∧ ωk is Sp(1) · Sp(2)invariant [11℄. In terms of the
orthonormal basis (2), we nd ωi = e12−e34+e56−e78, ωj = e13+e24+e57+e68
and ωk = e14 − e23 + e58 − e67, so that
1
2
Ω=−3e1234 + e1256 − e1278 + e1357 + e1368 + e1458 − e1467
−e2358 + e2367 + e2457 + e2468 − e3456 + e3478 − 3e5678. (14)
In analogy with the PSU(3)ase we refer to any orthonormal frame e1, . . . , e8
suh that Ω/2 is of the form (14) as an Sp(1) · Sp(2)frame.
The invariant 4form indues a splitting of so(8) into the Lie algebra of the
stabiliser and its orthogonal omplement whih we need to make expliit. If
a∗Ω = 0 for
∑
i<j aijei ∧ ej , where a∗ denotes the usual ation of gl(8) on
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exterior forms, then
a68 − a13 − a24 + a57 = 0, a46 − a17 = 0, a47 − a25 = 0,
a23 − a14 − a67 + a58 = 0, a35 + a17 = 0, a28 + a17 = 0,
a34 − a78 + a56 − a12 = 0, a45 + a18 = 0, a26 − a48 = 0,
a38 + a25 = 0, a16 + a25 = 0 a27 − a18 = 0,
a36 + a18 = 0, a15 − a48 = 0, a37 − a48 = 0.
A maximal torus is spanned for instane by a1 = (e12 − e34 + e56 − e78)/2,
a2 = e12 + e34 + e56 + e78 and a3 = e12 + e34 − e56 − e78 with orresponding
fundamental roots α = ia1, β1 = 2i(a
2 − a3) and β2 = 2ia5. The weights of
Λ1 = [C2 ⊗H2] are
± 1
2
(α + β1), ±12(α− β1), ±12(α + β1) + β2, ±12(α− β1)− β2 (15)
and the weight vetors are given by x(α+β1)/2 = e5 − ie6, x(α−β1)/2 = e7 + ie8,
x(α+β1)/2+β2 = e1− ie2 and x(α−β1)/2−β2 = e3+ ie4. A dierent haraterisation
of the deomposition Λ2 = sp(1) ⊕ sp(2) ⊕
(
sp(1) ⊕ sp(2)
)⊥
is given by the
equivariant map α 7→ αxΩ. A straightforward appliation of Shur's Lemma
yields
Proposition 11 We have sp(1) = {α ∈ Λ2 | (αxΩ) = 5α}, sp(2) = {α ∈
Λ2 | (αxΩ) = −3α} and
(
sp(1) ⊕ sp(2)
)⊥
= {α ∈ Λ2 | (αxΩ) = α}. Further,
the projetion operators onto these modules are π23(α) =
(
− 3α + 2αxΩ +
(αxΩ)xΩ
)
/32, π210(α) =
(
5α − 6αxΩ + (αxΩ)xΩ
)
/32 and π215(α) =
(
15α +
2αxΩ− (αxΩ)xΩ
)
/16 respetively.
The deomposition on the remaining exterior powers is this. If σ = (1/2) =
C2 denotes as above the vetor representation of Sp(1) = SU(2) and H2 =
[1/2, 1] the vetor representation of Sp(2), we have a ClebshGordan like
deomposition [21℄
Λr ∼= Λr[σ ⊗H2] ∼=
[r/2]⊕
s=0
[σr−2s ⊗ V rs ], 0 ≤ r ≤ 8,
where the irreduible GL(2,H)module V rs is the diret sum of the irreduible
Sp(2)modules
λrs = (
r
2
,
[3 + s
2
]
), 0 ≤ r − 2s ≤ k
(note that our hoie of a basis diers from [18℄). In partiular, λ10 = (
1
2
, 1) =
H2. Hene:
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Proposition 12
(1) Λ1 = [σ ⊗ λ10] = [12 , 12 , 1] is irreduible.
(2) Λ2 = [σ2]⊕ [λ21]⊕ [σ2 ⊗ λ21] = [1, 0, 0]⊕ [0, 1, 2]⊕ [1, 1, 1]
(3) Λ3 = [σ ⊗ λ10]⊕ [σ ⊗ λ31]⊕ [σ3 ⊗ λ10] = [12 , 12 , 1]⊕ [12 , 32 , 2]⊕ [32 , 12 , 1]
(4) Λ4 = R⊕ [λ20]⊕ [λ42]⊕ [σ2 ⊗ λ20] ⊕ [σ2 ⊗ λ21] ⊕ [σ4] = [0, 0, 0]⊕ [0, 1, 1]⊕
[0, 2, 2]⊕ [1, 1, 1]⊕ [1, 1, 2]⊕ [2, 0, 0]
The Sp(1) · Sp(2)invariant supersymmetri map σ+ in ker µ+ is determined
(up to a salar) by the equation
a(σ+) =
1
2
κ(a) · σ+ − σ+ ◦ a = 0, a ∈ sp(1)⊕ sp(2).
An expliit matrix representation is given in Appendix B. Its determinant is
−1, in aordane with Theorem 6 and the PSU(3)ase.
Finally, we obtain again a alibration form by taking a suitable multiple of Ω.
In [22℄, Tasaki proved the
Proposition 13 Let Ω be the Sp(1) · Sp(2)invariant 4form (14) and τ =
Ω/6. Then τ(ξ) ≤ 1 with equality if and only if ξ is a suitably oriented Sp(1)
invariant 4plane. In partiular, Sp(1) · Sp(2) ats transitively on the set of
alibrated 4planes.
3 Topologial redutions to PSU(3)
Denition 14 Let M8 be an 8dimensional, smooth manifold. A topologial
PSU(3) or Sp(1) · Sp(2)struture is a redution from the frame bundle on
M to a prinipal PSU(3) or Sp(1) · Sp(2)bre bundle.
A topologial PSU(3)struture is equivalent to the hoie of an orienta-
tion and the existene of a 3form ρ with ρx ∈ Λ3T ∗xM lying in the orbit
dieomorphi to GL+(8)/PSU(3) for any x ∈ M . Similarly, a topologial
Sp(1) · Sp(2)struture is tantamount to endowing M with a 4form Ω suh
that Ωx ∈ Λ4T ∗xM lies in the orbit dieomorphi to GL(8)/Sp(1) · Sp(2) for
all x ∈M . In this setion, we investigate neessary and suient riteria for a
PSU(3)redution to exist. For the Sp(1) · Sp(2)ase, one has the following
result.
Theorem 15 [24℄ Let M be an oriented losed onneted spinnable manifold
of dimension 8. If M arries an Sp(1)·Sp(2)struture, then 8e+p21−4p2 = 0.
Moreover, provided that H2(M,Z2) = 0, we have w6 = 0 and there exists
an R ∈ H4(M,Z) suh that Sq2p2R = 0, (Rp1 − 2R2)[M ] ≡ 0mod 16 and
(R2+Rp1− e)[M ] ≡ 0mod 4, where [M ] denotes the fundamental lass of M .
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Conversely, these onditions are suient (regardless of H2(M,Z2) = 0) to
ensure the existene of an Sp(1) · Sp(2)struture.
Neessary onditions for a topologial PSU(3)struture to exist easily follow
from a harateristi lass omputation using the BorelHirzebruh formal-
ism [3℄. Let ±x1, . . . ,±x4 denote the weights of the vetor representation of
SO(8). Formally, the total Pontrjagin lass p and the Euler lass e of M are
expressed as the produt
p =
∏
(1 + x2i ), e =
∏
xi.
If the tangent spae is assoiated with the adjoint representation of PSU(3),
the SO(8)weights beome the PSU(3)roots under restrition. Substituting
x1 = α, x2 = β, x3 = α+ β, x4 = 0,
a redution to PSU(3) implies p1 = 2(α
2 + αβ + β2) and p2 = α
4 + 2α3β +
3α2β2+2β3α+β4, hene 4p2 = p
2
1. Moreover, we obviously have e = 0. A rst
onsequene is the following lassiation result.
Proposition 16 Let (G/H, g) be a ompat Riemannian homogeneous spae
with G simple. If M = G/H admits a topologial redution to PSU(3), then
G/H is dieomorphi to SU(3).
PROOF. Sine G sits inside the isometry group of (M, g), its dimension is
less than or equal to 9 · 8/2 = 36. If we had equality, then M would be
dieomorphi to a torus or, up to a nite overing, to an 8sphere. While the
rst ase is ruled out for G has to be simple, the seond ase is exluded sine
e(S8) 6= 0. Hene G must be, up to a overing, a group of type A1, . . . , A5,
B2, B3, C3, D4 or G2. As a losed subgroup of G, H is ompat and hene
redutive. Therefore H is overed by a diret produt of simple Lie groups and
a torus, that is the Lie algebra of H is isomorphi to h = g1⊕ . . .⊕gk⊕tl. If we
denote by rk(G) the rank of the Lie group G, we get the following neessary
onditions:
k ≤ rk(G)
l +
∑
rk(gi) ≤ rk(G)
l +
∑
dim(gi) = dim(G)− 8,
whih yields the possibilities displayed in the table below.
It follows thatH is of maximal rank, that is rk(H) = rk(G), unlessG = SU(3)
and H = {1}. But in the rst ase, [20℄ implies e(G/H) 6= 0, whene the
assertion.
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G H up to a overing dim(H) rk(H)
A2 {1} 0 0
A3 A1 ×A1 × S1 7 3
A4 A3 × S1, G2 × S1 × S1, A2 ×A2 16 4
A5 A1 ×A4, A1 ×A1 ×B3, A1 ×A1 × C3 27 5
B2 S
1 × S1 2 2
B3 A1 ×B2 13 3
C3 A1 ×B2 13 3
D4 A1 ×A1 ×G2 20 4
G2 A1 ×A1 6 2
Sine π1
(
PSU(3)
)
= Z3, the inlusion PSU(3) ⊂ SO(8) lifts to Spin(8). In
partiular, any 8manifold admitting a topologial PSU(3)struture must be
spinnable, hene the rst and seond StiefelWhitney lass w1 and w2 of M
have to vanish. By a straightforward omputation using the denition of the
Âgenus and the signature of M , sgn(M) = b+4 − b−4 , where (b+4 , b−4 ) is the
signature of the Poinaré pairing on H4(M,Z), we derive the following
Lemma 17 If M is a ompat spin manifold with p21 = 4p2, then sgn(M) =
16Â[M ]. In partiular, sgn(M) ≡ 0 mod 16.
Corollary 18 Let M be a ompat simplyonneted manifold whose frame
bundle redues to PSU(3). If Â[M ] = 0 (e.g. if there exists a metri with
stritly positive salar urvature), then 1 + b2 + b
+
4 = b3.
Example 19 As already stated in Setion 2, the Betti numbers bq of SU(3)
are either 0 or 1 for q = 0, 3, 5 or 8, in aordane with the orollary.
As e = 0 and sgn(M) ≡ 0mod 4, we an assert the existene of two linearly
independent vetor elds [23℄. The orthogonal produt × in (8) produes a
third one. In partiular, w6 = 0. Taking k = 0 in the following proposition
yields the existene of four pointwise linearly independent vetor elds.
Proposition 20 [25℄ Let M be a losed onneted smooth spin manifold of
dimension 8. If w6 = 0, e = 0 and {4p2 − p21}[M ] ≡ 0mod 128, and if there
is a k ∈ Z suh that 4p2 = (2k − 1)2p21 and k(k + 2)p2[M ] ≡ 0mod3, then M
has four pointwise linearly independent vetor elds.
As a further onsequene, w5 = 0.
Proposition 21 We have w24 = 0. In partiular, all Stiefel-Whitney numbers
vanish.
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PROOF. By Wu's formula,
Sqk(wm) = wkwm +
(
k −m
1
)
wk−1wm+1 + . . .+
(
k −m
k
)
w0wm+k.
A further theorem of Wu asserts that
wk =
∑
i+j=k
Sqi(vj),
where the elements vk ∈ Hk(M,Z2) are dened through the identity vk ∪
x[M ] = Sqk(x)[M ] for x ∈ Hn−k(M,Z2). In partiular, we have vi = 0 for
i > 4. It follows that v1 = v2 = v3 = 0, w4 = v4 and w8 = Sq
4w4 = w
2
4 = 0.
We summarise our results in the following proposition.
Proposition 22 If a losed and oriented 8manifold M arries a topologi-
al PSU(3)struture, then all StiefelWhitney lasses vanish exept w4, and
w24 = 0. Moreover, we have e = 0 and p
2
1 = 4p2. There exist four linearly
independent vetor elds on M and all Stiefel-Whitney numbers vanish.
Finding suient onditions to ensure the existene of a topologial PSU(3)
struture over losedM oupies us next. This problem is onsiderably harder
than the analogous problem for topologial G2strutures on 7manifolds.
Here, a redution to G2 implies that the underlying manifold is spin. Con-
versely, assuming that it is spin, we an pik a spin struture and onsider the
assoiated spinor bundle ∆. This is a real bundle of rank 8 whose sphere bun-
dle is assoiated with Spin(7)/G2. The existene of a topologialG2struture
is therefore equivalent to the existene of a nowhere vanishing spinor eld, for
whih there is no obstrution sine the Euler lass of ∆ vanishes trivially on
dimensional grounds. Similarly, we dedue from Proposition 22 and the dis-
ussion in Setion 2 that a topologial PSU(3)struture on a Riemannian 8
manifold an be haraterised by a spinorvalued 1form. However, this must
be a setion of speial algebrai type and taking an arbitrary, nowhere van-
ishing setion will in general not result in a topologial redution to PSU(3).
Therefore we restrit ourselves to a speial lass of PSU(3)strutures for
whih the problem of nding suient onditions beomes easier. Assume
that M admits a prinipal SU(3)bre bundle P˜ suh that the adjoint bundle
su(P˜ ) = P˜ ×SU(3) su(3) is isomorphi with the tangent bundle. Then TM is
naturally assoiated with the PSU(3)struture P = P˜ /Z3 indued by the
exat sequene (where Z3 is entral)
1→ Z3 → SU(3) p→ PSU(3)→ 1.
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Clearly, not every PSU(3)struture arises this way: The set PrinG(M) of
prinipal Gbre bundles over M an be identied with H1(M,G) (e.g [12℄
Appendix A). The sequene above gives rise to the exat sequene
. . .→ H1(M,Z3)→ PrinSU(3)(M) p∗→ PrinPSU(3)(M) t→ H2(M,Z3).
Hene, a prinipal PSU(3)bundle P is indued by an SU(3)bundle if and
only if the obstrution lass t(P ) ∈ H2(M,Z3) vanishes. Following [2℄, we all
this lass the triality lass. By the universal oeients theorem this obstru-
tion vanishes trivially if H2(M,Z) = 0 and H3(M,Z) has no torsion elements
of order divisible by three. If f : M → BPSU(3) is a lassifying map for
P , then t(P ) = f ∗t for the universal triality lass t ∈ H2(BPSU(3),Z3). It
is indued by c1(EU(3)), the rst Chern lass of the universal U(3)bundle
EU(3) [29℄. Conretely, let p : U(3) → PU(3) denote the natural proje-
tion. The inlusion SU(3) ⊂ U(3) indues an isomorphism between PSU(3)
and PU(3) and therefore identies BPSU(3) with BPU(3). Sine BPU(3) is
simplyonneted and π2
(
BU(3)
)
= Z→ π2
(
BPU(3)
)
= Z3 is the redution
mod 3 map ρ3 : Z→ Z3, the Hurewiz isomorphism theorem and the universal
oeients theorem imply that Bp∗ : H2(BPU(3),Z3) → H2(BU(3),Z3) is
an isomorphism and H2(BPU(3),Z3) = Z3. Then
t = (Bp∗)−1ρ3∗c1(EU(3)).
Finding onditions ensuring the existene of topologial PSU(3)strutures
with vanishing triality lass therefore boils down to nding onditions for
prinipal SU(3)bre bundles P˜ with su(P˜ ) ∼= TM .
Theorem 23 Suppose that M is a onneted and losed spin manifold of
dimension 8. Then TM ∼= su(P˜ ) for some prinipal SU(3)bundle P˜ if and
only if e = 0, 4p2 = p
2
1, w6 = 0, p1 is divisible by 6 and p
2
1[M ] ∈ 216Z.
PROOF. Let us start with the neessity of the onditions. Sine su(3)⊗C =
sl(3,C), the omplexiation TM⊗C equals End0(E), the bundle of traefree
omplex endomorphisms of E = P˜ ×SU(3)C3. The Chern harater of TM⊗C
equals
ch(TM ⊗ C) = 8 + p1 + 1
12
(p21 − 2p2)
(see for instane [17℄). On the other hand,
ch
(
End(E)
)
= ch(E ⊗ E) = 1 + ch
(
End0(E)
)
.
Now for a omplex vetor bundle with c1(E) = 0,
ch(E) = 3− c2(E) + 1
2
c3(E) +
1
12
c2(E)
2
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and ci(E) = (−1)ici(E), whih implies
ch(E ⊗ E) = ch(E) ∪ ch(E) = 9− 6c2(E) + 3
2
c2(E)
2.
As a onsequene,
p1 = p1
(
su(E)
)
= −6c2(E), p2 = p2
(
su(E)
)
= 9c2(E)
2. (16)
In partiular, p1 is divisible by 6 and we also rederive the relation 4p2 = p
2
1.
Moreover, M is spinnable, hene the spin index Â ∪ ch(E)[M ] is an integer.
Sine
Â = 1− 1
24
p1 +
1
5760
(−4p2 + 7p21) = 1−
1
24
p1 +
1
960
p21,
it follows
Â ∪ ch(E)[M ] = 3Â[M ] + 1
24
p1c2(E) +
1
12
c2(E)
2 = 3Â[M ]− 1
216
p21[M ] ∈ Z.
This means p21[M ] ∈ 216Z, proving the neessity of the onditions.
For the onverse I am indebted to ideas of M. Crabb. Let B ⊂ M be an
embedded open dis in M and onsider the exat sequene of Kgroups
K(M,M −B)→ K(M)→ K(M − B).
We have K(M,M − B) = K˜(S8) ∼= Z and the sequene is split by the spin
index
x ∈ K(M) 7→ Â ∪ ch(x)[M ] ∈ Z,
whih therefore lassies the stable extensions overM−B toM . The rst step
onsists in nding a stable omplex vetor bundle ξ over M −B suh that the
assoiated adjoint bundle su(ξ) is stably equivalent to TM|M−B and c1(ξ) = 0.
To that end, let [(M −B)+, BSU(∞)] ⊂ K(M −B) denote the set of pointed
homotopy lasses, the subsript + indiating a disjoint basepoint. Let (c2, c3)
be the map whih takes an equivalene lass of [(M − B)+, BSU(∞)] to the
seond and third Chern lass of the assoiated bundle.
Lemma 24 The image of the map
(c2, c3) : [(M −B)+, BSU(∞)]→ H4(M,Z)⊕H6(M,Z)
is the set {(u, v) | Sq2ρ2u = ρ2v}, where ρ2 : Z→ Z2 is redution mod 2.
PROOF. We rst prove that for a omplex vetor bundle ξ with c1(ξ) = 0,
we have
Sq2ρ2c2(ξ) = ρ2c3(ξ). (17)
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Now if Wi denote the StiefelWhitney lasses of the real vetor bundle under-
lying ξ, this is equivalent to Sq2W4 = W6. On the other hand, Wu's formula
implies
Sq2W4 = W2W4 +W6
and thus (17) sine W2 = ρ2c1 = 0. Next let i : F →֒ K(Z, 4)×K(Z, 6) denote
the homotopy bre of the indued map
Sq2 ◦ ρ2 + ρ2 : K(Z, 4)×K(Z, 6)→ K(Z2, 6).
The relation (17) implies that the map (c2, c3) : BSU(∞)→ K(Z, 4)×K(Z, 6)
is nullhomotopi. Consequently, (c2, c3) lifts to a map k : BSU(∞) → F ,
thereby induing an isomorphism of homotopy groups πi
(
BSU(∞)
)
→ πi(F )
for i ≤ 7 and a surjetion for i = 8. By the exat homotopy sequene for bra-
tions we onlude on one hand side that π4(F ) = Z, π6(F ) = 2Z and πi(F ) = 0
for i otherwise. On the other hand, the Chern lass c2 : π4
(
BSU(∞)
) ∼=
K˜(S4) = Z→ π4
(
K(Z, 4)×K(Z, 6)
) ∼= H4(S4,Z) = Z is an isomorphism and
c3 : π4
(
BSU(∞)
) ∼= K˜(S6) = Z→ π6(K(Z, 4)×K(Z, 6)) ∼= H6(S6,Z) = Z is
multipliation by 2. Sine M −B is 8dimensional, it follows that the indued
map k∗ : [(M −B)+, BSU(∞)]→ [(M −B)+, F ] is surjetive. The horizontal
row in the ommutative diagram
[(M − B)+, BSU(∞)]
H6(M,Z2)
Sq2ρ2 + ρ2H4(M,Z)⊕H6(M,Z)[(M − B)+, F ] i∗
(c2, c3)k∗
❍❍
❍❍
❍❍
❍❍
❍❨
✲ ✲
✻
is exat, hene im (c2, c3) = im i∗ = ker (Sq2 ◦ ρ2 + ρ2).
By assumption, p1 ∈ H4(M,Z) is divisible by 6 and therefore we an write
p1 = −6u for u ∈ H4(M,Z). On the other hand, p1 = 2q1, where q1 is the
rst spin harateristi lass whih satises ρ2(q1) = w4. Hene Sq
2ρ2(u) =
Sq2w4 = w2w4 + w6 = 0, and the previous lemma implies the existene of a
stable omplex vetor bundle ξ suh that c1(ξ) = 0, c2(ξ) = u and c3(ξ) = 0.
From (16) it follows that p1(su(ξ)) = p1, and sine w2(su(ξ)) = 0, su(ξ) and
TM are stably equivalent over the 4skeleton M (4) [28℄. Then su(ξ) and TM
are stably equivalent over M − B as the restrition map KO(M − B) →
KO(M (4)) is injetive. This follows from the exat sequene
KO(M (i+1),M (i))→ KO(M (i+1))→ KO(M (i)).
By denition KO(M (i+1),M (i)) = K˜O(M (i+1)/M (i)) and M (i+1)/M (i) is a dis-
joint union of spheres Si+1. But K˜O(Si+1) = 0 for i = 4, 5 and 6 and therefore
the map KO(M (i+1)) → KO(M (i)) is injetive. Sine M = M (8) is the dis-
joint union of M (7) and a nite number of open embedded diss, the assertion
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follows. Next we extend ξ over B to a stable bundle on M . The ondition to
be represented by a omplex vetor bundle E of rank 3 (whih therefore is
assoiated with a prinipal SU(3)bundle) is c4(ξ) = 0. As pointed out above,
suh a bundle exists if the spin index
Â ∪ ch(ξ)[M ] = 3Â[M ] + p1u/24 + u2/12
is an integer, but this holds by assumption. Next p2(su(ξ)) = 9u
2 = p2 and
as a onsequene, su(ξ) is stably isomorphi to TM [28℄. Finally, two stably
isomorphi oriented real vetor bundles of rank 8 are isomorphi as SO(8)
bundles if they have the same Euler lass. Sine e
(
su(ξ)
)
= 0, we onlude
TM ∼= su(ξ).
Corollary 25 If M is losed and arries a PSU(3)struture with vanishing
triality lass, then Â[M ] ∈ 40Z and sgn(M) ∈ 640Z.
4 The twisted Dira equation
In view of Hithin's variational priniple [9℄, we adopt the following integra-
bility ondition, even if M is not ompat.
Denition 26 A topologial PSU(3) or Sp(1)·Sp(2)struture is alled har-
moni, if the dening 3 or 4form is losed and olosed with respet to the
metri it indues.
Remark 27 The group PSU(3) is the stabiliser of a totally symmetri 3
tensor. See [6℄ for an expliit desription in terms of a PSU(3)frame. Thus
a symmetri 3tensor of the right algebrai type denes a topologial PSU(3)
struture. Suh strutures, together with an integrability ondition in some
sense opposite to ours (f. Remark 32), were onsidered in [14℄.
Our goal is to reformulate Denition 26 in terms of the supersymmetri maps
assoiated with the topologial PSU(3) and Sp(1)·Sp(2)struture. We show
that the relevant 3 or 4form is harmoni if and only if the orresponding
supersymmetri maps are in the kernel of the twisted Dira operators ± :
Γ(∆± ⊗ Λ1)→ Γ(∆∓ ⊗ Λ1). Loally, these are given by
±(Ψ⊗X) =
∑
ei ·Ψ⊗∇eiX + ei · ∇eiΨ⊗X,
where ∇ = ∇LC denotes the LeviCivita onnetion as well as its lift to the
spin bundle.
To begin with, we reall the notion of intrinsi torsion. Consider an orbit
in some SO(n)representation spae V of the form SO(n)/G. A topologial
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redution of the prinipal frame bundle P to a prinipal Gbre bundle is
haraterised by a setion γ of the bre bundle P ×SO(n) SO(n)/G, of whih
we think as a setion of the vetor bundle E = P ×SO(n) V . The LeviCivita
onnetion ats pointwise through so(n) ∼= Λ2 on any setion of E. In parti-
ular, sine γ is ated on trivially by its stabiliser algebra g,
∇γ = T (γ), (18)
where T is a setion of the tensor bundle with bre Λ1 ⊗ g⊥, subsequently
alled the torsion module. The tensor eld T itself is referred to as the intrinsi
torsion of the Gstruture. If γ is a pform, this gives rise to the Gequivariant
maps
d : X⊗a ∈ Λ1⊗g⊥ 7→ X∧a(γ) ∈ Λp+1, d∗ : X⊗a ∈ Λ1⊗g⊥ 7→ Xxa(γ) ∈ Λp−1.
Sine the dierential operators d and d∗ are indued by skewsymmetrisation
and minus the ontration of the LeviCivita onnetion, we dedue from (18)
that d(T ) = dγ and d∗(T ) = −d∗γ. Consequently, γ is harmoni if and only
if T ∈ kerd∩kerd∗. On the other hand, for γ a spinorvalued 1form, we an
onsider the equivariant map
 : X ⊗ a ∈ Λ1 ⊗ g⊥ 7→ µ
(
a(γ)⊗X
)
∈ ∆⊗ Λ1.
Here, a ats via the indued ation of so(n) on ∆± ⊗ Λ1, i.e.
X ∧ Y (Ψ± ⊗ Z) = 1
4
(X · Y − Y ·X) ·Ψ± ⊗ Z +Ψ± ⊗
(
X(Z)Y − Y (Z)X
)
,
and Cliord multipliation takes Ψ± ⊗ Z ⊗ X ∈ ∆± ⊗ Λ1 ⊗ Λ1 to X · Ψ± ⊗
Z ∈ ∆∓ ⊗ Λ1. Hene (T ) = γ, and our task onsists in showing that
ker = kerd ∩ kerd∗.
By equivariane, the kernels of , d and d
∗
an be omputed using Shur's
Lemma and Grepresentation theory. From a tehnial point of view, the
Sp(1)·Sp(2)ase is a lot easier to deal with, so we start with this one. Here, the
invariant 4form Ω is selfdual, so we only need to show ker = kerd. First,
we deompose the torsion module Λ1 ⊗
(
sp(1) ⊕ sp(2)
)⊥
= [1, 0, 1]⊗ [1, 1, 1]
into Sp(1) · Sp(2)irreduibles whih yields
Λ1 ⊗
(
sp(1)⊕ sp(2)
)⊥
= [1
2
, 1
2
, 1]⊕ [1
2
, 3
2
, 2]⊕ [3
2
, 1
2
, 1]⊕ [3
2
, 3
2
, 2].
On the other hand, we nd for the target spaes of and d (f. Proposition 12)
∆− ⊗ Λ1 = 2[12 , 12 , 1]⊕ [12 , 32 , 2]⊕ [32 , 12 , 1], Λ5 = [12 , 12 , 1]⊕ [12 , 32 , 2]⊕ [32 , 12 , 1].
Theorem 28 The topologial Sp(1) · Sp(2)struture (M8,Ω) is harmoni if
one of the following equivalent statements holds.
26
(i) dΩ = 0.
(ii) If σ+ ∈ Γ(∆+ ⊗ Λ1) is the orresponding supersymmetri map, then
+(σ+) = 0.
(iii) The intrinsi torsion T takes values in [3
2
, 3
2
, 2].
PROOF. By Shur's Lemma, it is enough to evaluate the maps and d for a
sample vetor of a given module to hek whether or not it maps nontrivially.
The operator d is known to be surjetive [18℄ whene kerd = [3
2
, 3
2
, 2]. On the
other hand, [3
2
, 3
2
, 2] ⊂ ker and we are left with showing that the remaining
irreduible modules in Λ1⊗
(
sp(1)⊕sp(2)
)⊥
map nontrivially. To that end we
onsider the operator L : Λ3 → Λ3 built out of , ompounded with id ⊗ σ+
and the projetion ∆− ⊗ ∆+ → Λ3 given by ∑ q(Ψ−, eI · Ψ+)eI with respet
to some Sp(1) · Sp(2)frame. Sine all the representations involved are of real
type, L restrited to an irreduible module of Λ3 is multipliation by a real
salar, possibly zero. To begin with, we map the element 4e1xΩ ∈ [12 , 12 , 1] into
Λ1 ⊗ Λ2 in the natural way, namely x ∧ y ∧ z 7→ (x ⊗ y ∧ z + cyc. perm.)/3.
Projeting the seond fator onto [1, 1, 1] =
(
sp(1)⊕ sp(2)
)⊥
by means of the
projetion operator given in Proposition 11 yields the element
t1= e2 ⊗ (e12 − e34 − e56 + e78) + e3 ⊗ (e13 + e24 − e57 − e68) +
e4 ⊗ (e14 − e23 − e58 + e67) + e5 ⊗ (3e15 − e26 − e37 − e48) +
e6 ⊗ (3e16 + e25 − e38 + e47) + e7 ⊗ (3e17 + e28 + e35 − e46) +
e8 ⊗ (3e18 − e27 + e36 + e45) ∈ [12 , 12 , 1] ⊂ Λ1 ⊗ [1, 1, 1].
Using the matrix representation of σ+ in Appendix B, and evaluating L on t1
yields
L(t1) = −6e234 + 2e256 − 2e278 + 2e357 + 2e368 + 2e458 − 2e467 = 2t1.
In partiular, t1 maps nontrivially under . Next we turn to the module
[3
2
, 1
2
, 1]. Using the weight vetors provided in (15), the vetor
x(α+β1)/2+β ∧ x(α−β1)/2 ∧ x(α+β1)/2= e157 + ie158 − ie167 + e168 −
ie257 + e258 − e267 − ie268
is of the highest weight ourring in Λ3 ⊗ C. Hene it is atually the weight
vetor of (3
2
, 1
2
, 1) ⊂ Λ3 ⊗ C. Proeeding as before yields the sample vetor
t2 ∈ (32 , 12 , 1) ⊂ Λ1 ⊗ [1, 1, 1] ⊗ C whih is mapped to 20t2 under L. For the
remaining module [1
2
, 3
2
, 2] we onsider the vetor −e134/3+e178. Wedging with
Ω yields zero, so it is neessarily ontained in [1
2
, 3
2
, 2] ⊕ [3
2
, 1
2
, 1]. Mapping it
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into Λ1 ⊗ [1, 1, 1] gives the vetor t3 whose projetions on [12 , 32 , 2] and [32 , 12 , 1]
we denote by t3a and t3b. The image under L is
L(t3a + t3b)= c · t3a + 20 · t3b
= (−12e134 − 8e156 + 44e178 + 4e358 − 4e367 − 4e457 − 4e468)/3
Sine L(t3)− 20t3 6= 0, we see that [12 , 32 , 2] also maps nontrivially (applying
L again to L(t3) − 20t3 shows that restrited to this module, L is atually
multipliation by 12). Hene ker = [3
2
, 3
2
, 2] whih proves the theorem.
Corollary 29 Let σ = C2 be the vetor representation of Sp(1) = SU(2)
and λrs the lass of irreduible Sp(2)representations introdued after Proposi-
tion 11. If L : Λ3 → Λ3 denotes the Sp(1) ·Sp(2)invariant map dened in the
proof of Theorem 28, the irreduible Sp(1)·Sp(2)modules an be haraterised
as follows:
[σ ⊗ λ10] = [12 , 12 , 1] = {α ∈ Λ3 |L(α) = 2α}
[σ ⊗ λ31] = [12 , 32 , 2] = {α ∈ Λ3 |L(α) = 12α}
[σ3 ⊗ λ10] = [32 , 12 , 1] = {α ∈ Λ3 |L(α) = 20α}
Next we turn to PSU(3). The situation here is more involved not only beause
the dening form ρ is not selfdual anymore, but also due to the presene of
modules with multipliities greater than one.
Again we begin by deomposing the torsion module. Let ∧ : Λ1 ⊗ Λ220 → Λ3
denote the natural skewing map. Then Λ1 ⊗ Λ220 ∼= ker∧ ⊕ ρ⊥, where ρ⊥ =
[1, 1] ⊕ J1, 2K ⊕ [2, 2] is the orthogonal omplement of ρ in Λ3. Moreover, the
natural ontration map x: ker∧ ⊂ Λ1 ⊗ Λ220 → Λ1 splits ker∧ into a diret
sum isomorphi to ker x⊕Λ1, where ker x∼= [2, 2] ⊕ J2, 3K. Consequently, the
omplexiation of Λ1 ⊗ Λ220 is the diret sum of
Λ1 ⊗ Λ210+ = (1, 1)+ ⊕ (1, 2)⊕ (2, 2)+ ⊕ (2, 3)
Λ1 ⊗ Λ220 ⊗ C = ⊕
Λ1 ⊗ Λ210− = (1, 1)− ⊕ (2, 1)⊕ (2, 2)− ⊕ (3, 2).
The modules (1, 1)± and (2, 2)± have nontrivial projetions to both ker∧ and
ρ⊥. In partiular, they map nontrivially under ∧. With the deomposition of
the target spaes of ± = |∆±⊗Λ1, d and d
∗
, namely
∆∓⊗Λ1 = 1⊕2[1, 1]⊕J1, 2K⊕[2, 2], Λ4 = 2[1, 1]⊕2[2, 2], Λ2 = [1, 1]⊕J1, 2K,
we an now prove the analogue of Theorem 28.
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Theorem 30 The topologial PSU(3)struture (M8, ρ) is harmoni if one
of the following equivalent statements holds.
(i) dρ = 0 and d ⋆ρ ρ = 0.
(ii) If σ± ∈ Γ(∆± ⊗ Λ1) are the orresponding supersymmetri maps, then
±(σ±) = 0.
(iii) The intrinsi torsion T takes values in J2, 3K.
Remark 31 The impliation (i)⇒ (ii) was already asserted in [9℄. However,
the proof is inonlusive. Firstly, some of the sample vetors provided in the
proof are not ontained in the right module. For instane, xα1 ⊗ xα1 ∧ xα2 is
not ontained in (2, 1) ⊂ Λ1 ⊗ Λ210− as laimed: Using the author's notation,
applying [xα1 , ·] yields xα1⊗xα1∧xα1+α2 from general properties of root vetors.
Moreover, due to the presene of modules with multipliity two, the modules
(1, 1)± and (2, 2)± an map nontrivially under say d while kerd still ontains
a omponent isomorphi to (1, 1) or (2, 2).
PROOF. We rst establish the equivalene between (i) and (iii) and start by
determining the kernel of d
∗
. By Proposition 8, a±(ρ) = ±
√
3i ⋆ (a± ∧ ρ) for
any a± ∈ Λ210±. It follows from omplexifying that restrited to the PSU(3)
invariant modules Λ1 ⊗ Λ210±,
d
∗(
∑
ej ⊗ a±j ) = ∓
√
3i
∑
ejx⋆(a
±
j ∧ ρ) = ±
√
3i
∑
⋆(ej ∧ a±j ∧ ρ). (19)
In virtue of the remarks above, the kernel of the skewing map Λ1 ⊗ Λ2± is
isomorphi to (2, 3) and (3, 2). Hene, (19) vanishes if and only if
∑
ei ∧ a±i
lies in 1⊕ [2, 2], the kernel of the map whih wedges 3forms with ρ. Invoking
Shur's Lemma, kerd∗ ∼= [1, 1]⊕ 2[2, 2]⊕ J2, 3K, where the preise embedding
of [1, 1] will be of no importane to us.
Next we onsider the operator d. If we an show that it is surjetive, then
kerd ∼= J1, 2K ⊕ J2, 3K and onsequently, the kernels of d∗ and d interset in
J2, 3K. Let ιρ⊥ denote the injetion of ρ
⊥
into Λ1⊗Λ220 obtained by projeting
the natural embedding of Λ3 into Λ1 ⊗ Λ2. We rst prove the relation (f.
Setion 2 for the denition of cq)
c3(α) =
1
2
d
(
ιρ⊥(α)
)
, α ∈ ρ⊥ ⊂ Λ3 (20)
whih shows that ker c4 ⊂ Imd. By (10), the kernel of c3 is isomorphi to
1 ⊕ J1, 2K, so the laim needs only to be veried for the module [1, 1]⊕ [2, 2]
in Λ3. A sample vetor is obtained by
p3(e128) = α8 ⊕ α27 = 18(5e128 +
√
3e345 +
√
3e367 − 2e458 + 2e678), (21)
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where p3 = c
∗
4c3. That both omponents α8 and α27 are nontrivial an be
seen as follows. Restriting p3 to Λ
3
8 and Λ
3
27 is multipliation by real salars
x1 and x2 sine the modules are representations of real type. If one, say x1,
were to vanish, then p23(e128) = p3(α27) = x2 · α27. However
p23(e128) =
1
64
(39e128 + 7
√
3e345 + 7
√
3e367 − 18e458 + 18e678)
whih is not a multiple of (21). Moreover, we have indeed
c3p3(e128) =
1
32
(7
√
3e1245 + 7
√
3e1267 − 9e1468 − 9e1578 + 9e2478 − 9e2568)
= 1
2
d
(
ιρ⊥p3(e128)
)
whih proves (20). For the inlusion Im c∗5 ⊂ Imd we onsider the vetor
e1 ⊗ e18 in ker∧. Then d(e1 ⊗ e18) = −e1238/2− e1478/4 + e1568/4 takes values
in both omponents of Im c∗5 ⊂ Λ4, sine c∗4d(e1 ⊗ e18) = 0 and otherwise
c∗5c4d(e1⊗e18) = 132(−10e1238−5e1478+5e1568+3e2468+3e2578+3e3458−3e3678)
would be a multiple of d(e1 ⊗ e18). Hene d is surjetive and the equivalene
between (i) and (iii) is established.
Finally, we turn to the twisted Dira equation. We have to prove that
ker+ ∩ ker− = J2, 3K = kerd ∩ kerd∗.
The intersetion ker+ ∩ ker− ontains at least the module J2, 3K. First we
show that J1, 2K is not ontained in this intersetion by taking the vetor
τJ1,2K = id⊗ π220
(
ιρ⊥c2(4e18)
)
=−
√
3e1 ⊗ e45 −
√
3e1 ⊗ e67 + 2e2 ⊗ e38 − 2e3 ⊗ e28 +
√
3e4 ⊗ e15
+e4 ⊗ e78 −
√
3e5 ⊗ e14 − e5 ⊗ e68 +
√
3e6 ⊗ e17 + e6 ⊗ e58
−
√
3e7 ⊗ e16 − e7 ⊗ e48 + 2e8 ⊗ e23 + e8 ⊗ e47 − e8 ⊗ e56.
A straightforward, if tedious, omputation shows ±(τJ1,2K) 6= 0. For the re-
mainder of the proof, it will again be onvenient to omplexify the torsion
module Λ1 ⊗ Λ220 and to onsider (1, 1)± and (2, 2)±. The invariant 3form ρ
indues equivariant maps ρ∓ : ∆± → ∆∓ whose matries with respet to the
hoies made in (A.1) are given by (7) for ρ+, and by its transpose for ρ−.
Shur's Lemma implies
−
(
(2, 2)+
)
= z · ρ− ⊗ id ◦+
(
(2, 2)+
)
(22)
for a omplex salar z. Sine the operators ± are real and (2, 2)− is the
omplex onjugate of (2, 2)+, the same relation holds for (2, 2)− with z¯. The
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vetor τ0 = 6(e1 ⊗ e18 − e2 ⊗ e28) is learly in ker x⊂ ker∧ and projeting the
seond fator to Λ210+ yields
id⊗ π210+(τ0)= e1 ⊗ (3e18 + i
√
3e23 − i
√
3e47 + i
√
3e56) +
e2 ⊗ (i
√
3e13 − 3e28 + i
√
3e46 + i
√
3e57).
Sine any possible omponent in (2, 3) gets killed under ±, we an plug this
into (22) to nd z = (1 + i
√
3)/8. This shows that (2, 2)± maps nontrivially
under . On dimensional grounds, ker± therefore ontains the module (2, 2)
with multipliity one. Their intersetion, however, is trivial, for suppose oth-
erwise. Let (2, 2)0 denote the orresponding opy in ker+. It is the graph of
an isomorphism P : (2, 2)+ → (2, 2)− sine it intersets (2, 2)± trivially. Now
if τ = τ+ ⊕ Pτ+ ∈ (2, 2)0 were in ker−, then
−(τ+ ⊕ Pτ+) = z · ρ⊗ id ◦+(τ+)⊕ z¯ · ρ⊗ id ◦+(Pτ+)
= ρ⊗ id ◦+(z · τ+ ⊕ z¯ · Pτ+)
= 0.
Consequently, z · τ+ ⊕ z¯ · Pτ+ ∈ ker+, that is, z¯ · Pτ+ = Pz · τ+ or z¯ = z
whih is a ontradition. This shows that (a) the kernels of ± interset at
most in 2(1, 1)⊕ J2, 3K and (b) the onditions +(σ+) = 0 or −(σ−) = 0 on
their own are not suient to guarantee the lose and oloseness of ρ. The
same argument also applies to (1, 1)±. However, sine (1, 1) appears twie in
∆± ⊗ Λ, we rst need to projet onto ∆∓ ∼= (1, 1) via Cliord multipliation
before asserting the existene of a omplex salar z suh that
µ+ ◦−
(
(1, 1)+
)
= z · ρ+
(
µ− ◦+
(
(1, 1)+
))
.
For the omputation of z, we an use the vetor
2
√
3ie1⊗π210+(e18) = e1⊗ (
√
3ie18− e23+ e47− e56) ∈ (1, 1)+⊕ (2, 2)+⊕ (2, 3),
as possible nontrivial omponents in (2, 2)+ ⊕ (2, 3) get killed under µ∓. We
nd z = 2(1−√3i) whih as above shows that (1, 1) ours with multipliity
at most one in ker±, and that it is not ontained in their intersetion.
Consequently, ker+∩ker− = J2, 3K, whih proves the equivalene between
(ii) and (iii).
Remark 32 (i) From (iii) it follows that our harmoniity ondition on a
topologial PSU(3)struture an be seen as the extreme opposite of Nurowski's
notion of restrited nearly integrable PSU(3)strutures, where T takes values
in the remaining modules isomorphi to [1, 1], J1, 2K and [2, 2] [14℄.
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(ii) Aording to the deomposition ∆±⊗Λ1 = ∆∓⊕ ker µ±, the twisted Dira
operators ± : Γ(∆± ⊗ Λ1)→ Γ(∆∓ ⊗ Λ1) take the shape [26℄
± =
−34 ι± ◦D∓ ◦ ι−1∓ 2ι± ◦ ¡±
1
4
P∓ ◦ ι−1∓ Q±
 . (23)
Here, ι± : Γ(∆±) → Γ(∆∓ ⊗ Λ1) is the embedding given by ι±(Ψ±)(X) =
−X · Ψ±/8, and D± : Γ(∆±) → Γ(∆∓) and P± : Γ(∆±) → ker µ± denote
the usual Dira and Penroseoperator. Further, ¡± : ∆± ⊗ Λ1 → ∆± is the
twisted odierential and Q : kerµ → kerµ the RaritaShwinger operator.
In partiular, we see that the supersymmetri maps of a harmoni PSU(3)
or Sp(1) · Sp(2)struture dene RaritaShwinger elds, spin 3/2 partiles
satisfying the relativisti eld equation Qσ = 0 in physiists' language [16℄.
Further, if Ψ ∈ Γ(∆+) ⊂ Γ(∆− ⊗ Λ1) denotes the invariant spinor oming
from a topologial Spin(7)struture (M8,Ω) with Spin(7)invariant 4form
Ω, then −(Ψ) = 0 if and only if D+(Ψ) = 0 and P+(Ψ) = 0, hene if
and only if ∇Ψ = 0. This implies that the holonomy of the indued metri
is ontained in Spin(7), whih by [5℄ is equivalent to dΩ = 0. In this way,
Sp(1) · Sp(2)strutures appear on an equal footing with Spin(7)manifolds.
However, in ontrast to these, loseness of the Sp(1) ·Sp(2)invariant 4form
does not imply the holonomy to be ontained in Sp(1) · Sp(2) (f. Salamon's
ounterexample in [19℄ given in the next setion), although this is true for
Sp(1) · Sp(k)strutures on M4k with k ≥ 3 [21℄.
Next we derive integrability onditions for harmoni PSU(3) and Sp(1) ·
Sp(2)strutures on the Rii tensor: Aording to Proposition 2.8 in [26℄,
(D ◦ ¡− ¡ ◦)(γ) = 1
2
p(γ ◦Ric)
for any γ =
∑
i ei ⊗ γi ∈ Γ(T ∗M ⊗ ∆), where γ ◦ Ric =
∑
i,j Ricijei ⊗ γj.
Integrability implies
p(σ ◦Ric) =∑
i,j
Ricijei · σj = 0.
Hene, in our ase Ric is in the kernel of the map
A ∈ ⊙2 7→ p(A ◦ σ) =∑
i,j
Aijeiσj ∈ ∆,
whih is invariant under the stabiliser of σ. For a PSU(3)struture, we have
⊙2 = 1⊕ [1, 1]⊕ [2, 2] and ∆± ∼= [1, 1], so Ric vanishes on the module [1, 1], a
fat previously noted in [9℄. For an Sp(1) ·Sp(2)struture, σ = σ+ ∈ ∆+⊗Λ,
hene ⊙2 = 1⊕ [0, 1, 1]⊕ [1, 1, 2] and ∆− ∼= [2, 0, 0]⊕ [0, 1, 1]. Sine this map
is nontrivial, Ric vanishes on the module [0, 1, 1].
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Proposition 33
(i) If g is a metri indued by a harmoni PSU(3)struture, then Ric vanishes
on the (8dimensional) omponent [1, 1].
(ii) If g is a metri indued by a harmoni Sp(1) · Sp(2)struture, then Ric
vanishes on the (5dimensional) omponent [0, 1, 1].
Remark 34 As shown by the examples in the next setion there exist (om-
pat) harmoni PSU(3) or Sp(1) ·Sp(2)strutures whose Rii tensor takes
values in the remaining modules (i.e. 1 and [2, 2] for PSU(3) and 1 and [1, 1, 2]
for Sp(1) · Sp(2)). In partiular, unlike harmoni G2 or Spin(7)strutures
whih are Riiat, harmoni PSU(3) or Sp(1) · Sp(2)strutures are not
neessarily Einstein (and a fortiori, not Riiat).
5 Examples
Let B denote the Killing form of su(3). Then ρ(X, Y, Z) = −4B([X, Y ], Z)/3
provides su(3), the symmetri spae SU(3) = SU(3)× SU(3)/SU(3) and its
nonompat dual SL(3,C)/SU(3) with topologialPSU(3)strutures. Sine
ρ and ⋆ρ are biinvariant, they are losed and indue harmoni PSU(3)
metris whih are Einstein and respetively of zero, positive and negative
salar urvature. In fat, by standard symmetri spae theory, the holonomy
is ontained in PSU(3), whene ∇ρ = 0. Conversely, any irreduible PSU(3)
struture with parallel 3form is either loally symmetri or at as follows
from inspetion of Berger's list. In this setion, we onstrut examples with
nonparallel 3form.
Loal examples. The rst example is built out of a hyperkähler 4manifold
M4 with a triholomorphi vetor eld. Let θ be a 1form on R3 and U ≡
U(x, y, z) be a stritly positive harmoni funtion on some domain D ⊂ R3
with dU = ⋆dθ. By the GibbonsHawking ansatz [1℄, [7℄, the metri
h = U(dx2 + dy2 + dz2) +
1
U
(dt+ θ)2 (24)
on D × R is hyperkähler with assoiated Kähler forms given by
ω−1 =Udy ∧ dz + dx ∧ (dt+ θ)
ω−2 =Udx ∧ dy + dz ∧ (dt+ θ)
ω−3 =Udx ∧ dz − dy ∧ (dt+ θ).
The vetor eld X = ∂
∂t
is triholomorphi, hene indues an innitesimal
transformation whih preserves eah of the three omplex strutures assoiated
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with ω−1 , ω
−
2 or ω
−
3 . Conversely, a hyperkähler metri on a 4dimensional
manifold whih admits a triholomorphi vetor eld is loally of the form (24).
Let us now dene the 2form ω+3 by hanging the sign in ω
−
3 , that is
ω+3 = Udx ∧ dz + dy ∧ (dt+ θ).
This 2form is losed if and only if U ≡ U(x, z), for dω+3 = 0 implies
d(Udx ∧ dz) = d
(
dy ∧ (dt+ θ)
)
, (25)
whene
dω+3 = 2d(Udx ∧ dz) = 2
∂U
∂y
dy ∧ dx ∧ dz.
Pik suh a U and take the standard oordinates x1, . . . , x4 of the Eulidean
spae (R4, g0). Put
e1 = dx1, e
2 = dx2, e
3 = dx3, e
8 = dx4,
e4 =
√
Udy, e5 = − 1√
U
(dt+ θ), e6 = −√Udx, e7 = √Udz,
whih we take as an orthonormal oframe on M4 × R4. As before, we shall
drop any distintion between vetor elds and 1forms in the presene of a
metri. Endowed with the orientation dened by (e4, . . . , e7), the forms ω
−
i
are antiselfdual on M4, while the forms ω+1 = Udy ∧ dz − dx ∧ (dt + θ),
ω+2 = Udx ∧ dy − dz ∧ (dt+ θ) and ω+3 are selfdual, so
ω±i ∧ ω∓j = 0, ω±i ∧ ω±j = ±2δije4567. (26)
The 3form
ρ =
1
2
e123 +
1
4
e1 ∧ ω−1 +
1
4
e2 ∧ ω−2 +
1
4
e3 ∧ ω−3 +
√
3
4
e8 ∧ ω+3 (27)
denes a PSU(3)struture whih is losed by design. Moreover, the same
holds for
⋆ ρ=
1
2
e45678 − 1
4
ω−1 ∧ e238 +
1
4
ω−2 ∧ e138 −
1
4
ω−3 ∧ e128 +
√
3
4
ω+3 ∧ e123
=
1
2
Udx ∧ dz ∧ dy ∧ (dt+ θ) ∧ dx4 − 1
4
ω−1 ∧ dx2 ∧ dx3 ∧ dx4
+
1
4
ω−2 ∧ dx1 ∧ dx3 ∧ dx4 −
1
4
ω−3 ∧ dx1 ∧ dx2 ∧ dx4
+
√
3
4
ω+3 ∧ dx1 ∧ dx2 ∧ dx3. (28)
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To obtain an expliit example with nontrivial intrinsi torsion, we make the
ansatz θ = ydz and U(x, y, z) = x on {x > 0}. The metri is therefore
g = dx21 + dx
2
2 + dx
2
3 + dx
2
4 + xdx
2 + xdy2 + (x+
y2
x
)dz2 +
1
x
dt2 + 2
y
x
dzdt
with orthonormal frame
e1 = ∂x1 , e2 = ∂x2 , e3 = ∂x3 , e8 = ∂x4 ,
e4 =
1√
x
∂y, e5 = −
√
x∂t, e6 = − 1√x∂x, e7 = 1√x(∂z − y∂t).
The only nontrivial brakets are
[e4, e6] = − 12√x3 e4, [e5, e6] = 12√x3 e5,
[e4, e7] =
1√
x3
e5, [e6, e7] =
1
2
√
x3
e7.
Sine the antiselfdual 2forms ω1, ω2 and ω3 are the assoiated Kähler forms
of the hyperkähler struture on M , we have ∇ωi = 0. From this and Koszul's
formula
2g(∇eiej, ek) = g([ei, ej], ek) + g([ek, ei], ej) + g([ek, ej ], ei) = cijk + ckij + ckji
we dedue
∇(e6 ∧ e7) = ∇(e4 ∧ e5) = − 1
12
· 1√
x3
(e4 ⊗ ω+1 + e5 ⊗ ω+2 ),
whene
∇ρ = − 1
8
√
3
· 1√
x3
(e4 ⊗ ω+1 ∧ e8 + e5 ⊗ ω+2 ∧ e8).
Note that g is Riiat (for (M4, h) is Riiat) despite nonvanishing in-
trinsi torsion.
Compat examples. Consider the nilpotent Lie algebra g = 〈e2, . . . , e8〉
whose struture onstants are determined by
dei =
 0 i = 2, . . . , 7e47 + e56 = ω+1 i = 8 . (29)
The only nontrivial struture onstants are c478 = −c748 = c568 = −c658 = 1.
Let G be the assoiated simplyonneted Lie group. The rationality of the
struture onstants guarantees the existene of a lattie Γ for whih N = Γ\G
is ompat [13℄. We letM = T 2×N with ei = dti, i = 1, 2 on the torus, hene
dei = 0. We take the basis e1, . . . , e8 to be orthonormal on M and denote by
g the orresponding metri. As in (27), the 3form ρ = e123/2+
∑
ei ∧ω−i /4+
35
√
3e8 ∧ ω+3 /4 denes a topologial PSU(3)struture whose invariant 5form
is given by (28). Then (26) and (29) imply
dρ =
√
3
2
de8 ∧ ω+3 =
√
3
2
ω+1 ∧ ω+3 = 0
and
d ⋆ ρ= e4567 ∧ de8 − 1
2
ω1− ∧ e23 ∧ de8 + 1
2
ω2− ∧ e13 ∧ de8
−1
2
ω3− ∧ e12 ∧ de8
= e4567 ∧ ω1+ − 1
2
ω1− ∧ e23 ∧ ω1+ + 1
2
ω2− ∧ e13 ∧ ω1+
−1
2
ω3− ∧ e12 ∧ ω1+
=0.
Hene the PSU(3)struture is harmoni. To show that the intrinsi torsion
is nontrivial, we ompute the ovariant derivatives ∇ei, whih are given by
∇ei =

0 i = 1, 2, 3
−1
2
(e7 ⊗ e8 + e8 ⊗ e7) i = 4
−1
2
(e6 ⊗ e8 + e8 ⊗ e6) i = 5
1
2
(e5 ⊗ e8 + e8 ⊗ e5) i = 6
1
2
(e4 ⊗ e8 + e8 ⊗ e4) i = 7
1
2
(−e4 ⊗ e7 + e7 ⊗ e4 − e5 ⊗ e6 + e6 ⊗ e5) i = 8.
Now∇e4(e8∧ω3+) = e457; sine the oeient of e8∧ω+3 is irrational while all the
remaining ones are rational, we dedue ∇e4ρ 6= 0. Further, a straightforward
omputation shows the diagonal of the Riitensor Ricii =
∑
j g(∇[ei,ej]ei −
[∇ei,∇ej ]ei, ej) to be given by
Ricii =
 0 i = 1, 2, 3, 8−1
2
i = 4, 5, 6, 7.
In partiular, it follows that (M, g) is of negative salar urvature, but not
Einstein, that is, Ric has a nontrivial 1 and [2, 2]omponent.
A nontrivial ompat example of a harmoni Sp(1) · Sp(2)struture was
given in [19℄, where Salamon onstruted a ompat topologial quaternioni
Kähler 8manifold M whose struture form Ω is losed, but not parallel. The
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example is of the form M = N6 × T 2, where N6 is a ompat nilmanifold
assoiated with the Lie algebra given by
dei =

0 i = 1, 2, 3, 5
e15 i = 4
e13 i = 6.
Therefore, the struture onstants are trivial exept for c154 = −c514 = c136 =
−c316 = 1, whih implies
∇ei =

0 i = 2, 4, 6, 7, 8
−1
2
(e3 ⊗ e6 + e4 ⊗ e5 + e5 ⊗ e4 + e6 ⊗ e3) i = 1
1
2
(e1 ⊗ e6 + e6 ⊗ e1) i = 3
1
2
(e1 ⊗ e4 + e4 ⊗ e1) i = 5.
It follows that
Ricii =

0 i = 2, 4, 6, 7, 8
−1
2
i = 1
−1
4
i = 3, 5
so (M, g) is of negative salar urvature, but not Einstein, that is, Ric has a
nontrivial 1 and [1, 1, 2]omponent. Summarising, we obtain the
Theorem 35 Compat harmoni PSU(3) and Sp(1) · Sp(2)strutures with
nonvanishing intrinsi torsion do exist. Further, they are not neessarily Ein-
stein.
A A matrix representation of Cli(R8, g0)
For a xed orthonormal basis e1, . . . , e8 of (Λ
1, g) ∼= (R8, g0) let Eij = ei ∧ ej
denote the basis of Λ2 whih we identify with skewsymmetri matries via
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Eij =

0 . . . . . . . . . 0
. . . . . . . . . −1 . . .
. . . . . . . . . . . . . . .
. . . 1 . . . . . . . . .
0 . . . . . . . . . 0

. . . i
. . . j
.
.
.
.
.
.
.
i j
Then the matrix representation κ : Cli(R8, g0) → End(∆+ ⊕∆−) omputed
from (3) with respet to the standard basis e1 = 1, e2 = i, e3 = j, e4 = k, e5 =
e, e6 = e · i, e7 = e · j, e8 = e · k of (, ‖ · ‖) is given by
κ(e1) = −E1,9 − E2,10 −E3,11 − E4,12 −E5,13 − E6,14 − E7,15 −E8,16,
κ(e2) = E1,10 − E2,9 − E3,12 + E4,11 − E5,14 + E6,13 + E7,16 −E8,15,
κ(e3) = E1,11 + E2,12 − E3,9 − E4,10 − E5,15 −E6,16 + E7,13 + E8,14,
κ(e4) = E1,12 − E2,11 + E3,10 −E4,9 − E5,16 + E6,15 −E7,14 + E8,13,
κ(e5) = E1,13 + E2,14 + E3,15 + E4,16 − E5,9 − E6,10 − E7,11 −E8,12,
κ(e6) = E1,14 − E2,13 + E3,16 −E4,15 + E5,10 − E6,9 + E7,12 −E8,11,
κ(e7) = E1,15 − E2,16 −E3,13 + E4,14 + E5,11 − E6,12 −E7,9 + E8,10,
κ(e8) = E1,16 + E2,15 − E3,14 −E4,13 + E5,12 + E6,11 − E7,10 −E8,9.
(A.1)
B A matrix representation of the invariant supersymmetri maps
1. PSU(3)
With respet to a PSU(3)frame and a xed orthonormal basis of ∆±, the
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invariant supersymmetri maps σ± : Λ1 → ∆± are given (up to a salar) by
σ+ =

0 − 1
2
0 1
4
−
√
3
4
− 1
4
√
3
4
1
2
− 1
2
0 − 1
2
−
√
3
4
− 1
4
−
√
3
4
− 1
4
0
0 1
2
0 1
4
−
√
3
4
1
4
−
√
3
4
1
2
− 1
2
0 1
2
√
3
4
1
4
−
√
3
4
− 1
4
0
0 − 1
2
0 − 1
4
√
3
4
1
4
−
√
3
4
1
2
1
2
0 1
2
−
√
3
4
− 1
4
−
√
3
4
− 1
4
0
0 − 1
2
0 1
4
−
√
3
4
1
4
−
√
3
4
− 1
2
− 1
2
0 1
2
−
√
3
4
− 1
4
√
3
4
1
4
0

σ− =

− 1
2
0 1
2
√
3
4
− 1
4
−
√
3
4
1
4
0
0 − 1
2
0 1
4
√
3
4
1
4
√
3
4
1
2
− 1
2
0 − 1
2
−
√
3
4
1
4
−
√
3
4
1
4
0
0 1
2
0 1
4
√
3
4
− 1
4
−
√
3
4
1
2
− 1
2
0 1
2
−
√
3
4
1
4
√
3
4
− 1
4
0
0 1
2
0 1
4
√
3
4
1
4
√
3
4
− 1
2
1
2
0 1
2
−
√
3
4
1
4
−
√
3
4
1
4
0
0 1
2
0 − 1
4
−
√
3
4
1
4
√
3
4
1
2

2. Sp(1) · Sp(2)
With respet to an Sp(1) · Sp(2)frame and a xed orthonormal basis of ∆+,
the invariant supersymmetri map σ+ : Λ
1 → ∆+ is given (up to a salar) by
σ+ =

1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

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